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SUMMARY 



This report is the fourth of a series presenting the 
results of strength tests on thin- Trailed cylinders and 
truncated cones of circular and elliptic section; it in- 
cludes the results obtained from combined shear and "bend- 
ing tests on 100 thin-walled duralumin cylinders of circu- 
lar section with ends clamped to rigid bulkheads. The 
tests show that as the ratio of moment to shear varies 
from small to large values the failure changes from a 
shear to a "bending type. In the report a chart is pre- 
sented that shows the corresponding changes in strength. 



INTRODUCTION 



As part of an investigation of the strength of 
st re s sed- skin structures for aircraft, the National Advi- 
sory Committee for Aeronautics in cooperation with the 
Army Air Corps; the Bureau of Aeronautics, Navy Depart- 
ment; the National Bureau of Standards; and the Bureau of 
Air Commerce has made an extensive series of tests on 
thin-walled duralumin cylinders and truncated cones of 
circular and elliptic section. In these tests the abso- 
lute and relative dimensions of the specimens were varied 
to study the types of failure and to establish useful 
quantitative data in the following loading conditions: 
torsion, compression, "bending, and combined loading. 

The first three reports of this series (references 1, 
2, and 3) present the results obtained in the torsion, the 
compression, and the pure-bending tests of cylinders of 
circular section. This report presents the results ob- 
tained in tests of cylinders of circular section in com- 
bined transverse shear and bending. 
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MATERIALS 

The duralumin (Al. Co. of Am, 17ST) used in these 
tests was obtained from the manufacturer in sheet form 
with nominal thicknesses of 0.011, 0.015, and 0*022 inch. 
The properties of this material as determined "by the 
ITational Bureau of Standards from specimens selected at 
random are given in references 1 and 2. Since all the 
test cylinders failed by elastic buclrliug of the walls at 
stresses considerably below the yield-point stress, the 
modulus of elasticity E, which was substantially con- 
stant for all sheet thicknesses, is the only important 
property of the material that need "be considered. For 
all cylinders an average value of S (10.4 X 10 G pounds 
per- square inch) was used in the analysis of the results. 



SPECIMENS 



The test specimens were right circular cylinders of 
7.5- and 15.0- inch radii with lengths ranging from 3.75 
to 15.0 inches. The cylinders were constructed in the 
following manner. A duralumin sheet was first cut to the 
dimensions of the developed surface. The sheet was then 
wrax3":-ed about and clamped to end "bulkheads. (See figs. 
1 to 4, inclusive.) With the cylinder thus assembled, a 
butt strap 1 inch wide and of the same thickness as the 
sheet was fitted, drilled, and bolted in place to close 
the soar.. In the assembly of the specimen care was taken 
to avoid having either a looseness of the skin (soft 
spots) or wrinkles in the walls when finally constructed. 

The end bulkheads, to 7/hich the loads were applied, 
were each constructed of two stool plates one-qtiarter 
inch thick separated by a plywood core l~l/2 inches thick 
for the bulkheads of 7 #5- inch radius and 3-l/2 inches 
thick for the bulkheads of 15.0-inch radius. These parts 
were bolted together and turned to the specified outside 
diameter. Steel bands approximately one-quarter inch 
thick were used to clar.ip the duralumin sheet to the bulk- 
heads. These bands were bored to the same diameter as 
the bulkheads. 
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APPARATUS AHD I.IETHOD 



The thickness of each sheet was measured to an esti- 
mated precision of ±0.0003 inch at a large number 1 of sta- 
tions by means of a dial gage no-anted in a special jig* 
In general, the variation in thickness throughout a given 
sheet was not more than 2 percent of the average thick- 
ness. The average thicknesses of the sheets were used in 
all calculations of radius/ thickne s s ratio and stress. 

A photograph of the loading apparatus used in the 
tests is shown in figure 1. Different ratios of moment 
to .shear were obtained by placing the jack at different 
distances from the column. In this way it was possible 
to study the transition from failure by shear at small 
ratios to failure by bending at large ratios of moment to 
shear. In all cases the cylinder when mounted for tests 
had the seam and butt strap located on the extreme-tension 
fiber. Loads were applied by the jack in increments of 
about 1 percent of the estimated load at failure. 



DISCUSSION OF RESULTS 



As far as is known there is no theoretical treatment 
of the stability of the walls of a thin-walled cylinder 
in combined transverse shear and bending. Consequently, 
as an aid to the interpretation of the results of the 
tests herein considered, some of the important factors 
will be discussed. 

Prom purely physical considerations it is clear that 
the magnitude of the shear V and the moment M relative 
to the size of the cylinder should be considered in the 
analysis of the test results. Consequently, 7, Li, and r 
(where r is the radius of the cylinder) have been com- 

bined to form a nondimens ional term ^— • that is doscrip- 
tive of the loading condition. Physically, the term 

rv 

is the distance from the section under investigation to 
the resultant shear force in terms of the radius of the 
cylinder. (See fig. 5.) 

M_ = V_(_d_~_x)_ - <L,~ x 
rV ' rV r 

i' r ' 
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If it is assumed that the ordinary "beam theory applies 
as was done in the analysis of the results of the pure- 
"bending tests on thin- walled cylinders (reference 3), it 
follows that "before buckling occurs the compressive stress 
on the extreme fiber and the shearing stress at the neu- 
tral axis are, respectively 



and 



_v 

tt rt 



(1) 
(2) 



In these equations 
wall* 



is the thickness of the cylinder 



If equation (l) is divided by equation (2) the fol- 
lowing, relation is obtained: 



•P- 



U 

rV 



(3) 



Thus, a particular value of — — is descriptive of a. def- 
- . r y 

inite stress condition as well as a definite loading con- 
dition in the sane manner that torsion, compression, and 
pure lending are descriptive of definite, stress condi- 
tions, and hence definite loading conditions. In the anal- 
ysis of the results of the tests.,, the variation of the 
"bending ' stress' at failure ■ frith SLJ is .studied for each of 



rV. 



the. following groups of cylinders tested, 
latcd data,, see taoles. I -and II.) ., ..".». 



(F.or the t'alm- 



Group I 



1 

3 
4 
5 
6 
7 
8 



inches 



7, 

7 

7. 



5 
,5 
5 
7.5 
7.5 
15.0 
15.0 
15.0 







■l/r 


r/t 


1.0 


323 - 3 56 


1.0 


•" 45-2 - 490 


. 5 


■ 58 6 - 670 


1.0 


625 - 694 


2.0 


• 581 - 688 


1.0 


647 - 746 


1.0 


932 - 930 


1.0 


1293 - 1455 



X. 



Nominal sheet 
thiehnc s s 

Inch 

0 .0.22 
.016' 
.011 
.011 
.011 
.022 
.015 
.011 
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Fron figure 2 it will "be noted that failure always 
occurs over an area of the cylinder and not at some par- 
ticular station "between transverse "bulkheads. It will "be 
further noted from figure 5 that the "bending stress varies 

linearly between bulkheads. Thus, instead of plotting the 

u 

"bending stress at failure against — as calculated at 

r V 

only one station, it is desirable to plot these values for 
all stations along the length of the cylinder. This meth- 

H 

od amounts to plotting fehe bending- stress diagram with p y 
as the abscissa scale. 

On figure 6 are plotted bending— st res s diagrams for 
each test cylinder with ordinates of stress f-^ divided 

by the modulus of elasticity. An inspection of this fig- 
ure, together with the photographs of the types of failure 
(figs. 2, 3, and 4), reveals a transition from a shear 

M 

type of failure at . small values of to a bending type 

of failure at large values of — In the following: dis- 

r v 

cussion separate consideration will he given to "bending 
failure, shear failure, and the transition from "bending 
to shear failure. 

Bending failure (large values of At large val- 



ues of ~ failure occurs "by a sudden collapse of the 
rV 

outermost compression fibers in the same manner as in the 
pure-bending tests reported in reference 3. (See figs. 2 
and 4.) It is therefore reasonable to suppose that at 
these values the bending strength of a thin-walled cylin- 
der should approach the strength of a cylinder of the same 
dimensions in pure bending. 

?or comparison of the present results with the re- 
sults of the pure-bending tests reported in reference 3, 
lines a and b have been drawn on figure 6 represent- 
ing the upper and lower limits of the strength in pure 
bending. These limiting values represent the dispersion 
of the results of the pure-bending tests and were obtained 
for cylinders of the average radius/thickness ratio in 
each group by interpolation of the results plotted in fig- 
ure 5 of reference 3. 
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Upon reference to figure 6 it will "be. noted that, in 
general, the "bending- stress diagrams plot "between lines 

a and "b at large values of ~ . Since slight imper- 

r v 

fections in the cylinders cause wide, variations in the 
tending strength (reference 3), the few diagrams that plot 
outside the "band established by lines a and b probablv- 
r ©present cylinders in which the imperfect ions vrere great- 
er" or less than those of the cylinders tested in pure bend- 
ing. 

Shear failure (small values of .~ At small values 

of ™r: failure occurs in shear by the formation of diago- 
rV 

nal shear wrinkles on. the sides of the cylinders. (See 
figs. 2 and 3.) It is therefore reasonable to suppose 
that at these values the shear .strength of a thin-walled 
cylinder should be closely related to the strength of ' a 
cylinder of the sane dimensions in torsion (pure shear). 

For comparison of the- present results with the re- 
sults of the torsion tests reported in reference 1, lines 
c and d have been drawn on figure 6 representing the 
probable upper and lower limits for shear failure. These 
lines were obtained by plotting the equation 

_j2 - _ s - •• (A) 

S S rV 

• Equation (4) is obtained from equation (3) by trans- 
posing terms, dividing by 3, and substituting S s for 
f v , where S s is the shearing stress at failure for a 
thin-walled cylinder of the same dimensions in torsion 

f b 

(pure shear, reference 1 or 4) . Thus, the value of — as 

* Jit 

given by equation (4) is the critical compressive strain 
on • the extreme fiber when failure occurs in shear, provid- 
ed that tkd shearing stress at the neutral axis when fail- 
ure occurs is the same as the shearing stress at failure 
for a cylinder of the same dimensions in torsion. The 
lines c and d for shear failure in figure 6 are shown 
for the two values of S s calculated as outlined in ref- 
erence 1 for the largest and smallest radius/thickness 
ratio for each group of cylinders. 
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Inspection of figure 6 shows that in some cases the 

M 

bending- stress diagrams at very low values of £=• , cor- 
responding to shear failure, plot above lines c and d. 
This fact indicates that the transverse shearing stress 
on the neutral axis at failure is higher than the shear- 
ing stress at failure in torsion. In order to obtain the 
quantitative relation existing between the two values, 

— is plotted against in figure 7 for each of the 

Ss * rV H f v 

tests. It is seen then that as — — — >0 the ratio — 

rv S s 

approaches a value between 1.20 and 1.38. Thus, if S v 

is the shearing stress on the neutral axis at failure in 
pure transverse shear and S s is the shearing stress at 

failure for a cylinder of the same dimensions in torsion, 
S y and S s may be related by the following approximate 

equat ion 

S v = 1.25 S s (5) 

Transition from shear to bending failure (intermedin 

ate values of 9 ~ It can be seen by reference to figure 
rv___ 

6 and figures 2, 3, and 4 that the transition from shear 
to bending failure is net always as abrupt as the inter- 
section of lines a and b with lines c and d might 

j M 
Indicate. At the intermediate values of ~ the transi- 

r 7 

tion from failure by shear to failure by bending is accom- 
panied by a slight reduction in strength. (See groups 3, 
4, and 5 of fig. 6 in particular.) The following discis- 
sion is offered as a possible explanation of the transit 
t ion* 

When an elastic body, is subjected to one type of load- 
ing such as torsion, pure bending, compression, or any 
other loading, it has in general £t definite resistance to 
that loading at which elastic failure occurs and this re- 
sistance is ordinarily different for each type of loading. 
If such a body should be subjected to two or more differ- 
ent typos of loading simu.lt aneously , it cannot offer as 
Great a resistance to either type of loading as if that 
type of loading were acting alone. In such a case the 
following approximation may be used: 



A. 
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f f f 

^ + + f- - 1 ( 6) 

b i b s &n 

v/here S X i S 3 j ..... S n are the critical stress values 

for different types of loading acting alone on the "body, 

and f , , f . i f~ are the allowable stress values 

i 7 2 3 n 

for those same types of loading when acting simultaneous- 
ly* 

Since a cylinder under combined transverse shear and 
"bending has varying stress conditions around its periph- 
ery, the application of equation (6) is made in the fol- 
lowing manner* The "bending stress at any point G de- 
grees above the neutral axis is 

U. ¥ sin 6 h . v 

£ = ~— = ™ sin 9 (?) 

tt r 3 t tt r" t 

The longitudinal shearing stress at this same point 

is 

f = 7 2t r c os 8 - Y cos 8 ^ 



• v 



v+ it r t 



It is very probable that certain elements of the cyl- 
inder reach a critical state of stress "before others and 
that these latter then take a greater proportional share 
of the load. It is assumed, however, that collapse of the 
cylinder occurs when all elements have reached such stress 
conditions that for some fiber the following equation 
holds 

r + r - 1 (s) 

s v S-b 

Because of the variation of stress around the periph- 
ery 

P- + P- = U = f(8) (10) 

The location in the cylinder of the element for which 

U is a maximum is obtained "by setting the derivative 
equal to zero. Thus, substitution of the values for f y 
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and jr. f v given "by equations (7) and (8) in equation (10) 
gives • 

U = M sin 6 + 7 co s 8 (ll) 
tt r 2 t St tt -rt S v 

and the derivative is 

dU M cos 8 7 sin 8 

dB n t 2 t S-b tt rt S v 

from which 



9 m = tan" 1 -- |^ (12) 
m r.V S t 



failure is assumed to occur when U = 1 for the el- 
ement 8 m degrees from the neutral axis on the compres- 
sion side of the cylinder. With these substitutions, 
equation (ll) "becomes 

n _ M sinjSg + T cok Q m ^ . 



tt r 2 1 St, tt rt S v 

The solution of this equation for M and 7, remembering 

that 

tan L = |3t 

gives 

M = tt r 2 t S«b sin 6 n (14) 
7 = tt rt S v cos 9 m (15) 

The strength of a cylinder in pure "bending and pure 
transverse shear is, respectively 

M = tt r 2 t (16) 

7 = tt rt S v (17) 

Since sin 6 m and cos 6 m can never exceed unity, equa- 
tions (14) and (15) show that the p resence of shear re- 
duces the "bending strength and, conversely, that the pres- 
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ence of bending reduces the strength in shear . Because 
equations (14) and (15) are related, both having "been de- 
rived from equation (13), only one of them need he used 
to measure the strength of a cylinder in combined trans- 
verse shear and "bending. ■: ■'. T ' 

In order to show the effect of shear -upon bending in 
the most effective manner, it is desirable to express the 
strength of a cylinder under combined transverse shear 
and bending as a percentage' of .. the strength, in pure bend- 
ing. The curves of "figure 8, derived from equations (14) 
and (16) j show this relation as a function of the ratios 

IS . s-b 

— and ~. 

rV S v - .- _ 

In figure 6 the full-curved lines were obtained from 
figure 8, using in. one case the value of jr~ correspond- 

i . . - .. , .r ... ; .. > . • b .V. 

ing to lines a' and" c, and,..in the other case the value 

of — corresponding to lines b and d. An inspection 
s v 

of the figures indicates that these two curves represent 

quite well the limits of the experimental data plotted. 

In order to use the curves of figure 8 in design, it 
is necessary to know the loading condition ps? and to be 
able to predict the values qf S- D and S v for the cylin- 
der. If these three quantities are known, the maximum al- 
lowable moment ( and/ o r stress on the extreme fiber can be 
read from the chart as a percentage of that for pure bend- 
ing*. The strength in shear then need not be investigated 
because its effect has been taken into account by a re- 
duced bending strength. 

When checking the strength of any section between ad- 

jacent bulkheads, the large st . value of ~ in that sec- 

. r\T 

tion should be used to enter the chart of figure 8. This 
procedure tends toward conservatism and is certainly justi- 
fied by the wide scattering of the tost data, 

Vr inkles.- In the preceding paragraphs it has beer- 
shown that- the strength of a thin-walled cylinder in com- 
bined transverse shear and bending can be correlated with 
the strength of a cylinder of the same dimensions in tor- 
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M 
rV 

large,' respectively. It ?/ould therefore appear 
size of the shear wrinkles that form' on the 
the cylinder' and the "bending wrinkles that form 
extreme fiher on the compression half of the 
would "be the same size, respectively, as the 
for torsion and pure "bending. Consequently, ex- 



sion and pure tending, depending up-on whether ~ is 

small or 
that the 
sides of 
near the 
cylinder 
wr inkl e s 



perimental values of 



as defined by the equation 



k = 



in 
X 



where \ c is the wave length of a wrinkle in the direc- 
tion of the circumference, are compared with the corre- 
sponding values of k for torsion and pure "bending. From 
table II, where the comparison is made, it will- he noted, 
that values of k . as calculated for the shear and "bend- 
ing wrinkles compare very well with those tabulated for 
cylinders of corresponding dimensions in torsion and 
pure "bending, respectively. 



CONCLUSIONS 



M 

1. For large val'aes of " — failure occurred in bend- 

rV 

ing "by a sudden collapse of the compression half of the 
cylinder. The stress on the extreme fiber as" calculated 
"by the ordinary "beam theory and the size of the wrinkles 
that formed were "both equal to their respective values for 
a cylinder of the same dimensions in pure "bending, 

2 # For small values of — r failure occurred in shear 

rV 

by the formation of diagonal wrinkles on the side of the 
cylinder. The size and form of the wrinkles at failure 
were the same as those that occurred at fa.ilure for a cyl- 
inder of the same dimensions in torsion (pure shear). As 

l ~ approached zero, the shearing stress on the neutral 

axis at failure as calculated "by the ordinary beam theory 
was approximately 1.25 tiroes the allowable shearing stress 
in torsion. 

3. At intermediate values of — there was a transi- 

rV 

tion from failure by bending to failure by shear that was 
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accompanied by a reduction in strength. For use in calcu- 
lating the strength of tiiiu~\?alle& . cylinders in combined 
transverse shear and bonding, 'a chart is presented that 
allows for this reduction in strength, 

Lang ley .Memorial Aeronautical Laboratory, 

National Advisory Committee for Aeronautics 
Langlcy Field, "Va., March 4, 1935, 
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TABLE I 

RESULTS OF COMBINED TRANSVERSE SHEAR AND BENDING TESTS 



For all cylinders, E - 10.4 x 10 G lb. per sq.in. Tabulated values of f- D , 
f D /E, and M/rV t taken at bulkhead supported on column. (See fig. 1.) 



Group 


1 








r = 7.5 


in. 




I h 


a 1.0 


Spec . 
No. 


t 


r 
t 


1' 


1 
I 

If 1 -P 

fa ! i v 


! f- 

1 


H. 
r V 


■-- -f t - 
E 


Remarks 




in. 




! lb. 


lb .-in . 


lb . / sq . in. 


it . / sq. in. 








17? 


0.0232 


323 


3593 


27400 


6580 


6630 


1.02 


0.000643 


Failure 


183 


.0209 


359 


2663 


40080 


5410 


10660 


2. CI 


.001045 


First 
wrinkle 








2688 


40480 


5460 


109 60 


2.01 


.001054 


Failure 


188 


.0210 


357 


2413 


46490 


4880 


12530 


2.57 


.001205 


Failure 


184 


.0209 


359 


1753 


40540 


3560 


109 80 


3.09 


.001056 


Fa i lure 


167 


.0208 


361 


2488 


63610 


5080 


17330 


3.41 


.001666 


Failure 


189 


.0210 


357 


1978 


50860 


4000 


13710 


3.43 


.001318 


Failure 


185 


.0205 


366 


1268 


40070 


2 630 


11060 


4.21 


.001063 


Failure 


165 


.0208 


361 


1508 


55020 


3080 


14990 


4.87 


.001441 


Failure 


ISO 


.0207 


3 62 


1138 


42170 


2330 


11520 


4.94 


.001x07 


Failure 


191 


.0207|362 


992 


57770 


2030 1 


15750 


7.76 


.001514.. 


Frilure 



roup 2 








r =7.5 in 






I /r = 


1.0 


Spec . 
No. 


t 


t 


v 


II 


f v 


fb 


r V 


f b 


1 Remarks 




in. 




-id 


lb. -in. 


lb./sq.in. 


lb./sq.in. 








176 


0.0166 


452 


1413 


10520 


3615 


3580 


0.99 


0.000370 


Firs t 
wrinkle 








1723 


12920 


4410 


4400 


1.00 


.000423 


Failure 


175 


.0156 


481 


1533 


11450 


4160 


4150 


1.00 


.000399 


First 
wrinkle 








1593 


11910 


4330 


4320 


1.00 


.000415 


Failure 


161 


.0164 


457 


1378 


20830 


3570 


7180 


2.02 


.000690 


First 
crinkle 








1398 


21130 


3620 


7290 


2.02 


.000701 


Failure 


178 


.0157 


478 


1033 


162 70 


2790 


5850 


2.10 


.000562 


First 
wrinkle 








1103 


17330 


2980 


6230 


2.09 


.000599 


Failure 


182 


.0159 


472 


1148 


22140 


3060 


7880 


2.57 


.000756 


Failure 


180 


.0157 


478 


1128 


24910 


3050 


8970 


2.94 


.000862 


Failure 


179 


.0153 


490 


708 


23270 


I9 60 


8560 


4 »o 8 


.000825 


Failure 


173 


.0155 


484 


381 


25060 


1045 


9150 


8.78 


.000879 


failure 


174 


.0157 


478 


273 


19250 


737 


6925 


9.40 


.000666 


Failure 
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TABLE I (Cont.) 



G-roup 3 








r = 7.5 


in. 




1/ 


r = 0.5 


Spec. 
ITo . 


t 


I 

t 


V 


u 


- V 


1 


1 

w 


U 

* 


Remarks 




in . 




lb. 


lb. -in. 


ID./ sq. in. 


lb./ sq. in.! 






Ill 

X X X 


O 01 PI 


620 


843 


5360 


2360 


^>ri n 

oL/xU 




0.000241 


First 
wrinkle 








1143 


7310 


4010 


r ^20 


. 85 


.000329 


Failure 


( o 


01 1 n 


652 


£53 


7260 


2445 


3580 


1.46 


.000344 


First 
wrinkle 








928 


10100 


3425 


4970 


1.45 


. 000473 


Failure 


j. 


.0112 


670 


843 


9710 


3195 


4905 


1.54 


.000472 


First 
wrinkle 








SQ§ 


10400 


3430 


5250 


1. 53 


.000505 


Failure 


114 


0117 


641 


563 


8800 


2060 


4250 


2.07 


. 000409 


First 
wrinkle 








653 


10040 


2365 


AO OT) 


P 0^ 


.000456 


Failure 


J. 1U 




625 


703 


10780 


2480 


5030 
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N.A.C.A. Technical Note No. 523 Fig. 




2.- Side view of circular oylinders after failure in combined 
transverse shear and bending tests, cylinders of group 5 
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Figure 4.- Cylinders after failure in pure tending 
(fig. 3, reference 3). 
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Figure 5. -Shear, moment, and bending- stress diagrams for 
combined transverse shear and "bending. 
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Figs. 6a, 6b 
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Figure 6a.- Bending-stress diagrams for circular cylinders in com- 
bined transverse shear and bending. 
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Figure 6b.- Bending-stress diagrams for. circular cylinders in com- 
bined transverse shear and bending. 
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Figs. 6c,6d,6e 
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Figure 6c.- Bending- stress diagrams for circular cylinders in com- 
bined transverse shear and bending. 
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Figure 6d.- Bending-stress diagrams for circular cylinders in com- 
bined transverse shear and bending. 
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Figure 6e.- Bending-stress diagrams for circular cylinders in com- 
bined transverse shear and bending. 
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Figures 6f,g,h.- Bending-stress diagrams for circular cylinders in com- 
bined iransverse shear and bending.. 
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Figure 8.- Chart for bending strength of thin-walled cylinders sub- 
jected to combined transverse shear and bending. 
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Figure 7.- Shearing-stress diagrams for oircular oylindere in combined transverse shear and bending. 



U.S. DEPARTMENT OF COMMERCE 
National Technical Information Service 



NACA-TN-52 3 



STRENGTH TESTS OF THIN-WALLED DURALUMIN 
CYLINDERS IN COMBINED TRANSVERSE SHEAR 
AND BENDING 



Langley Memorial Aeronautical Laboratory 
Washington, DC 



Apr 3 5 



